Graphing a Linear Inequality in Two Variables

Explanation & Practice


Graph of  y = 3
We have learned that the graph of y = 3 is a line parallel to the x-axis.  The y-coordinate of every point on this line is 3, that is, y = 3.

The line y = 3 is call a plane divider because it “divides” or “separates” the plane into two different regions called half-planes.  One is a half-plane “above” the line; the other is a half-plane “below” the line. Notice that the set of points on the line is not a part of either region.
The Three Sets of Points Determined by the Line y = 3

The line y = 3 and the two half-planes that it forms determine three sets of points:
1. In the half-plane “above” the line y = 3, there is the set of 
all points whose y-coordinate is greater than 3, that is y > 3.  For example, at point A, y = 5; at point B, y = 4.

2. In the line itself, y = 3, there is the set of all points whose 
y-coordinate is equal to 3. For example, y = 3  at each of the 
points (-4, 3), (0, 3), (6, 3).

3. In the half-plane “below” the line y = 3, there is the set of 
all points whose y-coordinate is less than 3, that is y < 3.  
For example, at point E, y = 1; at point F, y = -2.

Notice that the three sets of points that we have just discussed can be “put together” to form the entire plane. 
To graph an inequality in the coordinate plane, we can use the following procedure:


1. On the plane, represent the plane divider, such as y=3, by a dashed line to show that this divider does not belong to the graph of the half-plane.



    graph of y > 3

2.   Shade the region of the half-plane whose points satisfy the inequality.  In the graph of 
y > 3, we shade the region above the plane divider.  In the graph of y < 3, we shade the region below the plane divider.











graph of y < 3
Every straight line can be regarded as a plane divider, creating two half-planes.  One of the half-planes will involve the inequality “greater than,” while the other half-plane will involve the inequality “less than.”  

The line  y = 2x is the set of points in which each  y-coordinate is equal to twice its  x-coordinate. For example, (1, 2), (2, 4), (3, 6), (-2, -4), and so on are such points.  Each of these points is on the line y = 2x.

Let us consider the following three situations:


1. When x = 1 and y = 2, we name a point A(1, 2), which is on the line y = 2x, as is shown in the graph. Observe that the line y = 2x can be considered as a plane divider that forms two half-planes, one “above” the line and one “below” the line.

2. When x = 1 and y is any number “greater than” 2, we name a point in the half-plane y > 2x, which is above the plane divider. For example, point B(1, 4) is such a point as is shown in the graph. Notice that at point B(1, 4), y > 2x because (4) > 2(1).

3. When x = 1 and y is any number “less than” 2, we name a point in the half-plane y < 2x, which is below the plane divider. For example, point C(1, -1) is such a point as is shown in the graph. Notice that at point C(1, -1), y < 2x because (-1) < 2(1).

In graphing the inequality y > 2x  or  y < 2x, we use a dashed line to indicate that the line y = 2x is not a part of the graph. This dashed line acts as a “boundary line” for the half-plane being graphed.

  

       graph of y > 2x


The graph of y > 2x is the shaded half-plane “above” the line y = 2x.  It is the set of all points in which the y-coordinate is greater than twice the x-coordinate.


  

       graph of y ≥ 2x



  

       graph of y < 2x

The graph of y < 2x is the shaded half-plane “below” the line y = 2x.  It is the set of all points in which the y-coordinate is less than twice the x-coordinate.

It is possible to graph a condition involving both inequality and equality, such as y ≥ 2x.  Since 
y ≥ 2x means y > 2x or y = 2x, we can combine both sets of points into one graph by a union of the two disjoint sets of points. Notice that the line is now drawn as a “solid” line to indicate that y = 2x is part of the graph of y ≥ 2x.  The region above y = 2x is shaded to indicate that 
y > 2x is part of the graph of y ≥ 2x.
In general, the graph of y = mx + b is a line that divides the coordinate plane into three sets of points:

1. The set of points on the line.  Each ordered pair that describes a member of this set of points is a solution of y = mx + b.  The line is the graph of the equation y = mx + b.

2. The set of points in the half-plane “above” the line.  Each ordered pair that describes a member of this set of points is a solution of y > mx + b.  The half-plane is the graph of the inequality y > mx + b.
3. The set of points in the half-plane “below” the line.  Each ordered pair that describes a member of this set of points is a solution of y < mx + b.  The half-plane is the graph of the inequality y < mx + b.

To check whether the correct half-plane has been chosen as the graph of a linear inequality, we select any point in that half-plane and find out whether it satisfies that inequality. If it does, we have chosen the correct half-plane.  This is so because it is true that if one point in a half-plane satisfies an inequality, every point in that half-plane satisfies the inequality. On the other hand, if the point chosen does not satisfy the inequality, then the other half-plane is the graph of the inequality.


MODEL PROBLEMS
1. Graph the inequality  y – 2x ≥ 2.



How to Proceed
(1) Transform the sentence into one having  y  as the left member.

(2) Graph the resulting inequality by first graphing the plane divider, 
y = 2x+ 2.

(3) Shade the half-plane above the line. This region and the line are the required graph; the half-plane is the graph of y – 2x > 2; the line is the graph of y – 2x = 2. Note that the line is drawn solid to show that it is part of the graph.

(4) Check the solution. Choose any point in the half-plane selected as the solution to see whether it satisfies the original inequality 
y – 2x ≥ 2.


Solution


y – 2x ≥ 2


        y ≥ 2x + 2


  y = 2x + 2









Select the point (0, 5) that is in the shaded region.

      y – 2x
≥ 2


 (5) – 2(0)
≥ 2   (?)



       5
≥ 2   (True)

Note:  The above graph is also the graph of {(x, y) | y – 2x ≥ 2}.

2. Graph each of the following sentences in the coordinate plane:

a.
x > 1

b.
x ≤ 1

c.
y ≥ 1

d.
y < 1

Solutions




a.
x > 1




b.
x ≤ 1


c.
y ≥ 1




d.
y < 1

PROBLEMS TO TRY:

Graph the solution set:

1.
x + y > 2


2.
x -  y > -4


3.
2x - y < -4


4.
3x - y < 6


5.
2x + y ≥ 2


6.
3x + y ≥ 3



7.
y ≤ -3


8.
x > 2

Answers:

1.
x + y > 2


2.
x -  y > -4


3.
2x - y < -4





4.
3x - y < 6


5.
2x + y ≥ 2


6.
3x + y ≥ 3













7.
y ≤ -3


8.
x > 2
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KEEP IN MIND





To graph Ax + By + C > 0  or  Ax + By + C < 0, transform the inequality so that the left member is y alone:


y > rx + s    or    y < rx + s


This enables us first to graph the plane divider y = rx + s
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